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We propose a new method for performing multiscale analysis of functions defined
on the vertices of a finite connected weighted graph. Our approach relies on a
random spanning forest to downsample the set of vertices, and on approximate
solutions of Markov intertwining relation to provide a subgraph structure and a
filter bank leading to a wavelet basis of the set of functions. Our construction
involves two parameters q and ¢q’. The first one controls the mean number of
kept vertices in the downsampling, while the second one is a tuning parameter
between space localization and frequency localization. We provide an explicit
reconstruction formula, bounds on the reconstruction operator norm and on the
error in the intertwining relation, and a Jackson-like inequality. These bounds lead
to recommend a way to choose the parameters g and ¢’. We illustrate the method
by numerical experiments.
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1. Introduction

Graphs provide a flexible representation of geometric structures of irregular domains, and they are now

a commonly used tool in numerous applications including neurosciences, social sciences, biology, transport,

communications, etc. One edge between two vertices models an interaction between them, and one can also

associate a weight to each edge to quantify levels of interaction, leading to a weighted graph. A graph signal

associates data to each vertex of the graph. As a measure of the brain activity in distinct functional regions,
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functional magnetic resonance images are an instance of a such a graph signal. Therefore, signal processing
on weighted graphs has raised significant interest in recent years (see [21] for a review on the subject). This
paper is concerned with the problem of defining a multiresolution analysis for graph signals. To introduce
the problem, let us recall the now classical method to perform such a multiresolution analysis on a regular
domain.

1.1. Multiresolution analysis on regular grids

Let us consider a discrete periodic function f : Z,, = Z/nZ — R, viewed as a vector in R™. The multires-
olution analysis of f is based on wavelet analysis and the so-called multiresolution scheme. Performing the
wavelet analysis amounts to compute an “approximation” f; € R™/2? and a “detail” component g; € R"/?
through classical operations in signal processing such as “filtering” and “downsampling”. Roughly speaking
one wishes the approximation to give the main trends present in f whereas the detail would contain more
refined information. This is done by splitting the frequency content of f into two components: f; focuses on
the low frequency part of f whereas the high frequencies in f are contained in g;. In signal processing and
image processing, “filtering” (i.e. computing the convolution f x k for some well chosen kernel k) allows to
perform such frequency splittings. In our case K'(f) = fxk! yields K'(f) as a low frequency component of f
and K"(f) = fxk" yields K"(f) as a high frequency version of f. The vectors f; and g; are “downsampled”
versions of K'(f) and K"(f) by a factor of 2, which means that one keeps one coordinate of K'(f) and
K"(f) out of two, to build f; and g; respectively. Thus the total length of the concatenation of the two
vectors [f1, g1] is exactly n, the length of f. To sum up we have

h@) = K'(H)@) = ¢z, f)
91(@) = K"(f)(@) = (s, f)

where

« T belongs to the set of downsamples Z,, isomorphic to Z/ 5.

e {¢z, T € Zy,} is the set of functions such that the equality between linear forms (¢, -) = K'(-)() holds
for all T € Z,.

o In the same way {1z, T € Z,} is such that (¢z,-) = K"(-)(Z) holds for all T € Z,.

The choice of k! and k" is clearly crucial and is done in such a way that perfect reconstruction of f is
possible from f; and g1, so that there is no lost information in the representation [fi, g1]. One can iterate
the scheme to produce a sequence fy, € R7/27 , 9N, € R”/2NO, ..., g1 € R™?2 such that the total length of the
concatenated vectors [fn,, Ny ---, 91] i exactly n. This is the reason why this scheme yields a multiresolution
representation of f. Remark that the perfect reconstruction condition amounts to have B = {¢z, ¥z, T € Z, }
a basis for the signals f on Z,. A famous construction by Ingrid Daubechies [6] derives several families of
orthonormal compactly supported such basis B. These families combine localization in space around the
point T and localization properties in frequency due to the filtering step they have been built from. Using
this space-frequency localization one can derive key properties of the wavelet analysis of a signal which
rely on the deep links between the local regularity properties of f and the behavior and decay properties of
detail coefficients. Let us finish by saying that wavelet type algorithms led to developments of many powerful
algorithms of compression, signal restauration, classification, and other kind of time-frequency transforms
etc. We will not go into more detail and refer the interested reader to one of the numerous books on wavelet
methods and their applications such as [6] or [12].
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1.2. Signal processing on graphs
Our aim is to define a multiresolution analysis on a generic weighted finite graph G = (X, w, 1), where:

o X is the set of vertices of G with cardinality |X| = n;
o w:X XX+ RY is a weight function, which associates to each pair (z,y) a positive weight w(z,y);
e 4 is a measure on X such that w is reversible w.r.t. g, meaning that

Yo,y € X, pz)w(z,y) = ply)w(y, ). (1)

The weight function w provides a graph structure on X, (z,y) being an edge of the graph iff w(z,y) > 0.
On such a graph, the operations of translation and downsampling are no longer canonically defined and
several attempts to tackle these issues and generalize the wavelet constructions have been proposed: see [21]
for a review on this subject and [11] for one of the most popular methods. We will describe some of them in
section 1.5, but let us stress that when going to the case of a generic weighted graph, there are three main
problems one has to face:

(Q1): What kind of downsampling should we use? What is the meaning of “keep one point out of two”?
(Q2): On which weighted graph should the approximation f; be defined to iterate the procedure?
(Q3): Which kind of filters should one use? What is a good “local” mean?

This paper proposes a construction of a multiresolution analysis on a weighted graph which is based on
a random downsampling method to answer question (Q1), and on Markov processes interwining to answer
questions (Q2) and (Q3). Markov processes enter naturally into the game through the graph Laplacian £
defined on ¢y(X, ) by

Lf(x):= Y wlz,y)(f(y) - f(2)), (2)

yeX

where f : X — R is an arbitrary function, and w(x, y) is now viewed as the transition rate from z to y. For
r € X, let

w(x) = Z w(z,y) .

yeX\{z}

Note that £ acts on functions as the matrix, still denoted by L:
L(z,y) =w(z,y) for x #y; L(z,2) =—w(z).

L is the generator of a continuous time Markov process X = (X(¢),¢ > 0), which jumps from z to a
neighboring site y at random exponential times (see section 2.3). The law of X starting from z is denoted
by P., and E, is the expectation w.r.t. P,. Apart from the symmetry assumption (1), we will assume
throughout the paper that

L is irreducible. (3)

Under this assumption, u is the unique (up to multiplicative constants) invariant measure of the process
(X(t),t > 0) (i.e. u£ =0), and p(z) > 0 for any = € X. Since X is finite, we can assume without loss of
generality that u is a probability measure on X.
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1.8. Our approach for downsampling, weighting and filtering procedures on graphs

The first step in our proposal of a multiresolution scheme consists in answering (Q1) and constructing a
random subset X of X', whose main feature is to be “well spread” on X In this respect, we use an adaptation
of Wilson’s algorithm ([24]) studied in [2], whose output is a random rooted spanning forest ® on G. Its
law 7, depends on the weight function w and on a positive real g. This algorithm and the properties of the
corresponding random forest will be described in section 3.3. The set of roots of ®, denoted by p(®), has
the nice property of being a determinantal process on X with kernel given by the Green kernel:

Ko(z,y) = q(gld — L) (z,y) = P [ X(Ty) =] , (4)

where T}, is an exponential random variable with parameter ¢, independent of the process X. Being a
determinantal process, the roots of ® tend to repulse each other, and this repulsiveness property results in
the noteworthy fact that the mean time needed by the process (X (¢),¢ > 0) to reach p(®), does not depend
on the starting point in X \ p(®). Therefore, this set of roots is a natural choice for X, especially as the
parameter g can be tuned to control the mean number of points in p(®). See Section 3 for more details.

Once the downsampling X is fixed, it remains to answer questions (Q2) and (Q3), i.e. we have to construct
a weight function w on X x X, and to define a filtering method which gives the approximation f; and the
detail g1 of a given function fo in fo(X, ). This will be achieved by looking for a solution (£,A) to the
intertwining relation

LA=AL, (5)
where

e L is a Markov generator on X’
e A: X x X Rt is a positive rectangular matrix.

An intertwining relation gives a natural link between two Markov processes living on different state spaces.
It appeared in the context of diffusion processes in the paper by Rogers and Pitman [19], as a tool to state
identities in laws, and was later successfully applied to many other examples (see for instance [3], [13],
etc.). In the context of Markov chains, intertwining was used by Diaconis and Fill [7] to construct strong
stationary times, and to control the rate of convergence to equilibrium. At the time being, applications
of intertwining include random matrices [8], particle systems [23], etc. For our purpose, the intertwining
relation can be very useful since

« L provides a natural choice for the graph structure to be put on X;
o each row vz := A(Z,-) (Z € X) defines a positive measure on X, which can serve as a “local mean”
around Z. fo will be approximated by the function f; defined on X by

vz € X, f1(Z) = vz(fo) = Z Az, ) fo(z);

reX

o it will serve as a basis for getting a Jackson-type inequality (see Proposition 18).

To be of any use in signal processing, the “filters” (vz,& € X ) have to be well localized in space and
frequency. In the graph context, frequency localization means that the filters belong to an eigenspace of the
graph laplacian £. Hence, we are interested in solutions to (5) such that the measures (vz,Z € X) are linearly
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independent measures tending to be non-overlapping (space localization), and contained in eigenspaces of L.
In addition, in order to iterate the procedure, we also need £ to be reversible on X.

Note that saying that (A,E_) is an exact solution to (5) implies that the linear space spanned by the
measures (vz, T € X) is stable by £, and is therefore a direct sum of eigenspaces of £, so that these measures
provide filters which are frequency localized. Hence the error in the intertwining relation is a measure of
frequency localization: the smaller the intertwining error, the better the frequency localization. Finding
solutions to (5) is the purpose of [1], where an exact linearly independent solution to (5) is provided.
However this solution tends to be overlapping. [1] provides also approximate solutions to (5) with small
overlapping, and it is one of these approximate solutions we use in our multiresolution analysis scheme. In
order to describe it, we first consider the trace process of (X (t),t > 0) on X, i.e. the process (X (t),t > 0)
sampled at the passage times on X. This process is a Markov process on X, whose generator £ defines a

weight function w on X, symmetric with respect to the measure p restricted on X. We will recall some
general facts about Markov processes, and make the previous statements more precise in section 2.3.

Turning to the rectangular matrix A, it depends on a parameter ¢’ and involves the Green kernel K

(see definition (4)). The rectangular matrix A is just the restriction of K, to X x X. Note that

o when ¢ goes to 0, for any # € X, K, (,y) goes to u(y) so that (5) is clearly satisfied. p being
the left-eigenvector of £ corresponding to the eigenvalue 0, the K/ (Z,y) are well frequency localized.
However, the vectors (K, (Z,-),z € X) become linearly dependent and very badly space localized.

« when ¢’ goes to oo, Ky (Z,-) goes to dz. Hence, the space localization is perfect. However, the frequency
localization is lost, and the error in (5) tends to grow.

Hence, a compromise has to be made concerning the choice of ¢/, and we will discuss this point later.
To sum up our proposal, two parameters ¢ and ¢’ being fixed,

o take X := p(®), ® being sampled with 7,. Set X=x\X.

« L is the generator of the trace process of X on X. It can be shown (see Lemma 8 section 4.1) that £
is irreducible and reversible w.r.t. the probability measure p 5, which is the measure p conditioned to
the set X: pup(A) = (AN X)/u(X). L is actually the Schur complement in £, of £ restricted to X,
which was already used for instance in [11]. For any Z,  in X, such that Z # ¢, the weight function w
on X x X is then defined by w(z,y) = L(z, 7).

o AZ,-):=Ky(,-).

f (=fo) being a function in £5(X, 1), we define the approximation of f as the function f (=f;) defined on X
by

VieX, f(z)=Af(z) =Ky f(2), (6)

and its detail function as the function f (=g¢;) defined on X by

9

X, f(i)=(Ky—1d)f(%). (7)

We proved in [1] that some localization property of the (vz = A(Z,-),# € X) defined by (6) followed from
the fact that X is a determinantal process with kernel K. Since X=x \ X is also a determinantal process,
with kernel Id — K, this suggested the detail definition (7), in which the sign convention is chosen to have
a self-adjoint analysis operator U : f ~ (f, f) in lo(X, p).

The process can then be iterated with (X, L, uy) in place of (X, L, ). This leads to a multiresolution
scheme.
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1.4. Description of the results

We give now a description of our main results. Note that whatever the choice of a subset X of X, one can
still define £, A, f and f as we just did it previously. Our first set of results assumes that X is any subset
of X, and provides a reconstruction formula, and bounds on various operators including approximation,
detail and analysis operators. They are expressed in terms of the hitting time of X’

Hyp:=inf{t>0,X(t) e X} .
To state them, we introduce some notation. First of all, we define the maximal rate o > 0 by

a = max w(x). (8)

Hence, the matrix P = Id + £/« is a stochastic matrix on X'. X being any subset of X, we define the two
positive real numbers 5 and 7 by

= max P(z,2)E, [Hy] . 9)

@ denotes the maximal rate of L:

a = max —L(Z,Z) .
TeX
We stress the obvious fact that «, 8 and & are functions of the subset X.
Finally, when (M (u,v),u € U,v € V) is a rectangular matrix, when U is a subset of U, and V a subset
of V, Myy denotes the submatrix of M obtained by restricting the entries of M to U and V.
To begin with our results, we get a reconstruction formula:

Reconstruction formula (Proposition 10).
For any f € lo(X, ), let f € lo(X, ) and f € lo(X, ) be defined by (6) and (7). Then,
f=Rf+Rf,

where R are R are rectangular matrices indexed respectively by X x X and X x /f', whose block decompositions
are

_ip _
R= My =L , and R = ( ‘CA?A?(_I‘C/\?/\?) 11) . (10)
(—Lix) ' Lix —Tdy —¢'(—Lyx)

We provide also upper bounds on norms of various operators: the approximation operator R, the detail
operator R, and the interwining error operator LA — AL. These bounds are given here when these oper-
ators are seen as operators from one /., space to another one. They are stated in greater generality in
Propositions 14, 11 and 16.

Approximation and detail operator norms (Propositions 14 and 11).
Let X be any proper subset of X (i.e. ) C X C X), X = X\ X, and let R and R be the operators defined
in (10). For any f € loo(X, ) and any f € Eoo(é\v,’,u/?),

1R < (1 +z§> Al and ], < max (%;1 n %) i (1)
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Intertwining error norm (Proposition 16).
Let X be any proper subset of X, X = X \ X. For any f € loo(X, ),

128 = AL) £ e <25 1 e (12)

Note that these bounds reflect the competition between H (f,A - AE) f ||OO v (frequency localization) and
||RfHooX (space localization). Actually, the term &/q" appearing in (11) is a decreasing function of ¢’ and
an increasing function of X', while the term ¢’ /B in (12) is increasing in ¢’ and decreasing in X.

Other results are stated in the paper, including a bound on the norm of the detail f in terms of the norm
of Lf (Proposition 15), and a Jackson’s type inequality on the approximation error after K steps of the
mutiresolution scheme (Proposition 18).

The other set of results focuses on the case where X is the set of roots of the random forest ®. They

provide estimates on its cardinality ‘/’\; ,and on the quantities a, 8 and «y involved in the previous statements.
X being random, all these quantities are random ones, and the estimates we get are averaged ones. To state
them, we will assume that the random variable ® is defined on some probability space (5, Af,Py). The

corresponding expectation will be denoted by E,.

Cardinality estimates (Proposition 6).

Let X = p(®) and X = X\ X. Let r € |0;1[, and define R, = {x € X;w(x) > ra} the set of “rapid” points.
Then,

— — 2—r

2L <, 1)) 5 B, X0 R,]] < Ry LEEZT,

These estimates can be used to tune the parameter ¢ in order to target a given proportion of kept points.
Next, we obtain bounds on the quantities &, 3 and v when X = p(®). Unfortunately, these bounds are
just lower bounds, and are moreover averaged ones. Nevertheless, since they are expressed in terms of the
cardinality of p(®), they can easily be estimated by Monte Carlo methods, and can serve as a guide for
the choice of ¢ and ¢’. These are then the key estimates where our particular random choice for X plays a
central role.

Estimates on &, 3, v (Propositions 20, 21 and 22).
Let X = p(®) and X = X\ X.

X

X
Eq[@]>qEq -
X|+1

1
Z | R i

Discussion on the choice of ¢ and ¢’

Based on these estimates, we argue in section 6.4 that the parameter ¢ should be chosen in [61«; 62¢] in
order to ensure that the mean number of vertices of the subgraph is at least a given proportion (61/(61 +1))
of the size of the original graph, and that a given proportion of the rapid points are decimated. In addition
it should minimize the function ¢ — E,(&/S), for the approximation operator norm and the intertwining
error to be small (see (11) and (12)). The Monte-Carlo estimation of this function is computationally costly,
so that we propose to minimize the function ¢ € [01;62a] — ¢E, H/‘?‘ /(1 + |)€’)} E, H.)é’ / ’2?” This
is possible in practice since, from [2], we can simultaneously sample a whole continuum of forests ®, for
q € [f1a; 020, each of them with the correct distribution m,. Once ¢ has been fixed, X is sampled according

to mq, & and f are computed and ¢’ is chosen equal to 2a |.)E f / ‘/Xu’ , which will ensure numerical stability of

the algorithm (see Section 6.4).
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1.5. Related works

Previous authors have explored multiresolution analysis on graphs, and have proposed answers to ques-
tions (Q1-3). Far from being exhaustive, we describe some of these, and refer the interested reader to [21]
for a more complete state of the art.

Concerning the downsampling procedure, also referred to as the graph coarsening problem, many ap-
proaches have been investigated. To mention a few, one can try to decompose the graph into bipartite
graphs for which the notion of “one every two points” is clear. This is the way followed in [15,17], using
either coloring-based downsampling, or mazimum spanning tree. In [20], the partitioning of X into two sub-
sets, is based on the sign of the eigenfunction of —L associated to the maximal eigenvalue. Finally, the
authors of [22] use a community detection algorithm maximizing the modularity, to partition the original
graph into many connected subgraphs of small size. The vertices of the downsampled graph are the elements
of the partition, and are not properly speaking selected points of the original graph.

Turning to the weighting procedure, bipartite graphs designed methods put an edge between two selected
nodes, if they share at least a neighbor in the original graph, and the weight may be proportional to the
number of shared neighbors. Starting from a bipartite graph, this leads immediately to a non bipartite
subgraph, thus the need to “decompose” a graph by bipartite ones. The authors of [20] rely on the so-called
Kron reduction, which is the same as computing the Schur complement. In [22], the weight between two
communities is the sum of the weight of edges linking these communities.

Finally, as far as the filtering procedure is concerned, various filter banks have been proposed, leading
sometimes to orthonormal basis, or just frames. The graph wavelet filtering bank of [16] is more specifically
designed for bipartite graphs, and exploit the specific features of bipartite graph Laplacian. It produces
an orthonormal basis. The diffusion wavelets of [4] are obtained by constructing orthonormal basis of the
spaces (Vi1 © Vik = 1,--- | K), where V;, = S((—E)Qk), and are thus designed to form an orthonormal
basis. The spectral graph wavelets of [11] are functions of type g(—tL)d,, where g is a function localized
around 0 for the low-pass filters, or away from 0 for the high-pass ones. Different values of ¢ are used to
select different frequencies, thus leading to a frame. Since the computation of g(—tL) requires the knowledge
of the spectral decomposition of £, polynomial approximations are performed. In [22], the filters used are the
eigenfunctions of the Laplacians restricted to each small community, naturally leading to an orthonormal
basis. In [10], assuming that we are given a subsampling procedure encoding the geometry of the original
graph, the authors construct a Haar basis adapted to this subsampling.

Compared to these works, our downsampling approach through Wilson’s algorithm, is a partitioning
method in the spirit of [22], a community corresponding to a tree of the forest. The mean number of
selected points can be adjusted through the parameter q.

The filters we use are a special case of spectral graph wavelets of [11], the function g being equal to
1/(1 + z) for the scaling function, and z/(1 4+ z) for the wavelet, and ¢ corresponding to 1/¢' (note that
Ky = ¢(¢1d — £)~' = (Id — £/¢’)~!). This choice is very natural in the signal processing variational
approach, since Ky f minimizes the function g — (g,—Lg) + ¢’ |lg — f||2 Since we use only one value of ¢
at each step, the filter bank we obtain is a basis, which is not orthogonal, but tends to be so when ¢’ > 1
(in this case Ky (Z,-) ~ 0z, while (Ko —1d)(&,-) ~ L(Z,-)/q).

The weighting procedure through Kron reduction has also already be used in [20]. But in our approach,
weighting and filtering are linked together through the intertwining relation.

To sum up, the advantages of our approach are:

e to provide a new partitioning method, allowing to tune the mean number of kept vertices;

e to link the subgraph structure and the choice of the filters through the intertwining relation;
e to produce a filter bank leading to a basis;

e to mimic the steps of a classical wavelet analysis algorithm;
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e to allow the computation of various error bounds;

o to suggest a systematic method to choose the parameters ¢ and ¢/, and ensure numerical stability;

e to have a computational complexity similar to already existing methods. Actually, apart from the sam-
pling of the random forest which is of order « |X| /¢, our approach only requires the computation of K
and of the Schur complement, already present in [11,20]. Starting from a sparse matrix £, K, can be
efficiently approximated by polynomials of small order. Due to the good repartition property of our
random X, such a polynomial approximation can also be implemented for the inversion involved in the
computation of £. This results in a sparse £, however the level of sparsity obtained is not enough to
go on with the algorithm for large graphs. Hence, as in [20], a sparsification step can be added after
the computation of £. Our proposition for this sparsification will be guided by the intertwining error
bounds that provide a Jackson-like inequality (see Section 7).

Finally, we would like to mention that our multiresolution scheme construct a basis of the space of signals,
which can be used to analyze, compress, etc., any signal on the graph. When one wants to handle just one
specific signal, adaptative multiresolution schemes as in [9] may be more appropriate.

1.6. Organization of the paper

We begin in section 2 with notations used throughout the paper. Section 3 is devoted to the description
and the properties of the random forest, and to the downsampling procedure. The weighting and the filtering
procedures, X being any subset of X, are discussed in section 4. We prove in this section the bounds on
operator norms. We go on with the iterative scheme and Jackson’s inequality in section 5.2. The discussion on
the choice of ¢ and ¢’ and the estimates on a, 3 and ~, are given in section 6. We summarize the pyramidal
algorithm and discuss computational issues in section 7, and we finally end with numerical experiments
illustrating the method in section 8.

2. Notations and preliminary results
In this section, we give the notations used throughout the paper, and we state some useful results.
2.1. Sets of functions and measures

A function f on X will be seen as a column vector, whereas a signed measure on X’ will be seen as a row
vector. For p > 1, ¢,(X, pt) is the space of functions on X endowed with the norm

1/p
A1, = (Z f(ﬂf)l%(l‘)) :

zeX

The scalar product of two functions f and g in l5(X, u) is

(fr9) = f@)g(x)u(x)

zeX

When f is a function on X, f* will denote the signed measure whose density w.r.t. p is f: f*(A) =
Y weatt(z)f(z) for all subset A of X. Similarly, when v is a signed measure on X, v* is the density of v
w.r.t. o v*(x) = v(z)/u(z) for any x € X.
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2.2. Schur complement

Let M be a matrix of size n = p + r and let
A B
u-(¢ 5)

be its block decomposition, A being a square matrix of size p and D a square matrix of size r. If D is
invertible, the Schur complement of D in M is the square matrix of size p defined by

Syu(D):=A—-BD™'C.

We remind the reader the following standard results concerning the Schur complement (see for in-
stance [25]):

Proposition 1. Assume that D is invertible.

_(1d B\ (Su(D) 0

W M=y p)\pc m)

(2) det(M) = det(D)det(Sn(D)).

(3) M is invertible if and only if Spr(D) is invertible. In that case,

Mol Su (D) ~Sy(D)"'BD?
o —DilcSM(D)il D! +DilcSM(D)7lBD71 ’

(4) Assume that M defines a positive symmetric operator in €2(X, j1). Let Moz (M) (respectively Apin (M) )
be the largest (respectively the smallest) eigenvalue of M. Then, Syr(D) is also positive symmetric and

)\mzn(M) S /\mm(SM (D)) S /\max(SM(D)) S Amax(M) .
2.3. Markov process

Consider an irreducible continuous time Markov process (X (t),t > 0) on X, with generator £ given
by (2) satisfying (1) and (3). We recall the definition (8) of @ > 0 as the maximal rate, and that of the
matrix P := L/a+1d. P is an irreducible stochastic matrix, and we denote by (Xk, k € N) a discrete time
Markov chain with transition matrix P. The process (X (t),t > 0) can be constructed from (X, k € N)
and an independent Poisson process (7;,7 > 0) on RT with rate a. At each event of the Poisson process,
X moves according to the trajectory of X:

+o0
X(t) = ZXil‘riSt<n+1 .

=0

By (1) and (3), p is strictly positive. In addition, —L defines a positive symmetric operator on ¢5(X, ),
and we denote by (A\;;¢ =0,--- ,n — 1) the real eigenvalues of —L in increasing order. It follows from the
fact that P is irreducible that

0= <A< A< \1 < 2a. (14)

The right eigenvector of —L associated to \; is denoted by e;:
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—/.’,ei = )\iei .

The (e;,4 = 0,--- ,n — 1) are normalized to have an f3-norm equal to 1, and form an orthonormal basis
of £5(X, p). By construction, eg = 1. For any subset A of X', H, is the hitting time of A by the process X:

Hy:=inf{t>0,X(t) € A} ,
while H:{ is the return time to A by the process X:

Hi:=inf{t>m,X(t) € A}. (15)
3. Random spanning forests, Wilson’s algorithm and downsampling procedure

We spend now some time on the description and the properties of the spanning random forest ® used in
the downsampling procedure. Let us call £ the set of unoriented edges of G, that is the set of pairs {z,y}
such that w(z,y) > 0 (and w(y,z) > 0). A spanning unoriented forest is a graph without cycles, with X" as
set of vertices, and a subset of £ as edge set. An unoriented tree is a connected component of such a forest.
By choosing in each tree one specific vertex, which we call root, we define a rooted spanning forest. Note
that the number of roots is the same as the number of trees. Orienting each edge of a tree toward its root,
we obtain an spanning oriented forest (s.o.f.) ¢. The set of roots of a spanning oriented forest ¢ is denoted
by p(¢). If e = (x,y) is an oriented edge, we will use w(e) for w(z,y), and say that e € ¢ if e is an edge of
a tree of the forest ¢.

8.1. A probability measure on forests

We introduce now a real parameter g > 0, and associate to each oriented forest a weight

Wwy(p) = qlp(¢)| H w(e), (16)

ecep

where |p(¢)] is the cardinality of p(¢), i.e. the number of trees in the forest ¢. wi(¢) will be denoted by w(¢)
so that

wq(9) = ¢ Plw(g).

These weights can be renormalized to define a probability measure on the set of spanning oriented forest:

o wy(e)

where the partition function Z(q) is given by

3.2. Wilson’s algorithm

A way to sample a random s.o.f. ® from 7, is given by the following iterative algorithm. Let ®. be the
current state of the forest being constructed, and let V. be the set of vertices of .. At the beginning, V, is
equal to 0.

While X'\ V. # 0, perform the following steps:
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o Choose a point  at random in X' \ V..

o Let evolve the Markov process (X (t),¢ > 0) from z, and stop it either when it reaches V., or after an
independent exponential time of parameter q.

o Erase the loops of the trajectory drawn by X. We obtain a self-avoiding path C starting from x and
oriented towards its end-point.

e Add C to ..

Each iteration of the “while loop” stopped by the exponential time, gives birth to another tree. Wilson’s
algorithm is not only a way to sample 7,. It provides also a powerful tool to analyze it, the reason being
that it does not depend on the way we “choose a point” in the first step of the “while” loop. In addition
there exists a coupling of the probability measures 7, for different values of ¢g. This means that we can
construct the random forests for different values of ¢ from the same set of random variables. This coupling
is explained in [2].

3.8. Properties of the random forest

Using Wilson’s algorithm, and the explicit knowledge of the law of a loop-erased Markov process, the
following statement, as all the results stated in this section, is proven in [2]:

Proposition 2 (Partition function). The partition function Z(q) is the characteristic polynomial of L:
Z(q) = det(qId— L). (19)
Some other important features of the random s.o.f. & are listed below.

Proposition 3 (Number of roots). For all k € {0,--- ,n},

P lp@) =k = 3 qukil;lqi&,
¢l

I1c{0, n—1} €1
[I|=k

Otherwise stated, the number of roots has the same law as Z?:_()l B; where By, --- , B,_1 are independent,
B; having Bernoulli distribution with parameter #,
Note that since A\g = 0, By = 1 a.s. and we recover the fact that |p(®)| > 1 a.s.

Proposition 4 (Set of roots). p(®) is a determinantal process on X with kernel K, (see definition in (4)),
i.e. for any subset A of X,

Py(A C p(®)) = deta(Ky),
where dety is the minor defined by the rows and columns corresponding to A.
The following statement involves two independent sources of randomness, the Markov process X starting
from z defined on (2, A, P,), and the random forest ® defined on (¢, A, Py). Integration on the product

space (2 x Qf, A® Ay) w.r.t. the product measure P, , := P, ® P, is denoted by E; ,.

Proposition 5 (Hitting time of p(®)).
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(1) For any x € X,

(20)

(2) For anyx € X, andm € {1,--- ,n},

Eoq [Hp@)l|p(@)=m] = (21)

Note that these expressions do not depend on the starting point z, saying that in some sense, the roots
of the random forest are “well spread” on X.

3.4. The downsampling procedure

In view of the results of section 3.3, X := p(®) is a natural candidate as a downsampling of X. We give
now estimates on the mean of |p(®)| which unlike Proposition 3, do not depend on the knowledge of the
eigenvalues A;. To this purpose, we introduce the mean value of the eigenvalues of —L/a:

m(L) - I?il ;  Trace(—L)
Al alx]

Note that by (14), m(L) € ]0,2]. We get then
Proposition 6. Let X = p(®) and X = X\ X. Then

(1) Eq [|X]] = 1% -

@) E, [| %] = 12| z8mm(L).
(3) For anyr € [0,1], set R, :={z € X s.t. w(z) > ra}.

B |4

Remark. Hence, in a loose sense, X’ contains a given proportion of points in X', and X contains a given

}>|R| qg+2a°

proportion of the “rapid” points in X, i.e. points for which the rate of escape is high. Since they do not
depend on the spectral decomposition of £, these estimates can be helpful concerning the choice of q. Taking
for instance q € [2a/3; o] ensures that the mean proportion of sampled points is greater than 2/5, and that
the mean proportion of decimated points is greater than m(L)/3.

The proof of Proposition 6 relies on the following lemma.
Lemma 7. For any x € X, and any g > 0,
q
K (z,2) > ———.
ol,7) 2 q+w(x)

wiz)  w@)
g+A—1 T q+20]

(22)

1-Ky(z,z) >

(23)

Proof. Remind that (e;,i = 0,---n — 1) is an orthonormal basis of eigenfunctions of —£ in ¢2(X, 1), and
let (1,2 € X) be the canonical basis of RY (1,(y) = 0 for y # x and 1,(x) = 1). Note that
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n—1
w(z) = —L(z,x) = —L1,(x) = Z i (e, 1, Z Nei(z
i=0
In the same way,
n—1 q
_ 2
Kyloa) = 3 et
Note that for any z € X,
n—1 n—1 2
1 L]
e ple) =Y (Lo,e)’ — = =1;
par paare plz)  ple)

Hence, for any = € X, (e?(x)u(z);i = 0,--- ,n — 1) is a probability distribution on {0,1,--- ,n — 1}. The
function A € RT +— ¢/(gq + \) being convex, it follows from Jensen’s inequality, that for any = € X,

K q _ q
(@, 2) > = .
S N fu(z) 0t w()
Moreover,
1 - K, (z,x) 2u(x),
i—o 4
1 n—1
S Ewn Z;“z o),
w(z)
B q + )\nfl .

This ends the proof of Lemma 7, since \,_1 < 2a. O
We return now to the proof of Proposition 6.

Proof. (1) It follows from Proposition 4 that Eq [|X|] = Y., cx Pg 2 € p(®)] = 3, c 4 Kq(z, x). Using (22)

and the definition of o, we obtain that E, [|X]] > e 1 X

(2) By Proposition 3, E, [ Y } =>" 01 qi}\ > q+)\ -Trace(—L).
(3) By (23), E, [|% = Toer Bl ¢ p(2)] = Toen, (U - Kylw,2) 2 Toer, sy 2

|RT| qu‘/\nfl =

4. The weighting and filtering procedures

This section aims to describe the weighting and the filtering procedures we use in the multiresolution
scheme, once X has been chosen. Hence, we will assume throughout this section that X" is any proper subset
of X.

4.1. The weighting procedure

Let us define for any z,y € X,
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P is a stochastic matrix on X, and one can associate to P a weight function @ and a Markov generator £
on X, which are unique up to multiplicative constants. The next lemma explains how to compute £ from L.

Lemma 8. Let X' be any proper subset of X, and set X = X\ X. Let P be the stochastic matriz on X defined
by (24). Then, L 5 is invertible. Let L be the Schur complement of Ly in L. L is an irreducible Markov

generator on X, P = Id+ L/a, and for any 7,5 € X, w(z)L(Z,5) = u(@)L (Y, T).

Proof. Let Q(z,z) := P, [X(Hj\g) = :f}, so that P = Q@ - Using Markov property at time 7; leads to

Q(z,z) = Z P(z,z)P, [X(Hz) =%) = P(x,%) + Z P(z,2)Q(z,%).

2€X 2eX
Hence, since P =1d + L/a,
Qrx = Prx+Pyxluzx P = Pyz+PeyQuzx (25)
Qex = Pyx+PryQix —LyxQxx = Lxx

We are now going to prove that —L ; ¢ is invertible. Let ¢ be a vector of Ker(—L 3 5), and let ¢ := (05, ¢ ).
We get on one hand (¢, —£¢) = 0. On the other hand, (¢, —L¢) = Z;L:_Ol A <¢,€z‘>2- Therefore, for any
ie{0,---,n—1} N\ <1/},61'>2 = 0. Ao = 0 being simple, (¢, ¢e;) = 0 for all i« > 1. Hence, 1 is colinear to
eo=1.If X # 0 and X # 0, this implies that ¢y = 0. Hence —L 3 ¢ is invertible. Going back to (25), we
obtain that

Qex=(—Lyz) 'Lyz, (26)
and

(27)

QN

1 1 _
P=ldg+ —Lyy— —Lyp(Lyp) Loy =1dg +

Therefore, VZ,5 € X, T # 9, L(Z,§) = aP(Z,7) > 0, and L1 3 = 0. L is thus a Markov generator on X. The
fact that £ is reversible w.r.t. u is a direct consequence of the fact that £ is a Schur complement, and of
the reversibility of £ w.r.t. u. Concerning the irreducibility statement, if £ and y are two distinct elements
of X, the irreducibility of £ implies that there exists a path in X going from Z to 4 with positive probability
for P. Sampling this path on the passage times on X, we obtain a path in X going from Z to § with positive
probability for P. O

Once L is defined, w and @& are defined in the same way that w and o were defined from £, i.e.

Vi€ X, w(z) = —L(z,7); a:= mea))?{w(fc) : (28)

81

4.2. The filtering procedure

We have now to define the “approximation” and the “detail” of a given function f on X, and to say how
to reconstruct f from the approximation and the detail. This is the aim of this section.
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4.2.1. The analysis operator
Let ¢’ > 0 be fixed and define the collection (vz,Z € X) of probability measures on X by

vz(z) = Ko (Z,2).
Let (ps, 4 € X) be the collection of signed measures on X defined by
px(x) = (K¢ — Id)(Z, ). (29)

We associate to the collection of measures (Vz,px);c scx the corresponding collection of functions

b3(@) i= V(@) = 22 () = p(a) = 22 (30)

The functions (¢, & € X ) play the role of “wavelets” in our proposition of a multiresolution analysis. Note
that the functions ¢z are naturally normalized in ¢;(X, ), but this is not the case for the functions
(1vz]l; = 2(1 — K¢ (Z,2))). Note also that for any & € X, (15, 1) = 0. In addition, we get the following
result:

Lemma 9. The family (¢z,Vz)c % sc @5 a basis of lo(X, ).

Proof. Since u(x) > 0 for all z € X, it is equivalent to prove that the matrix M whose row vectors are
given by (vz, px) sed.zex 18 invertible. M can be rewritten in terms of its block matrices according to the

rows and columns indexed by X and X:

Note that the eigenvalues of K, —Id are the non positive real numbers (—q,/\Tj)\j;j =0,---n—1). Therefore
Amaz (Kol 2 — 1dg) < Amaa(Ky — 1d) = 0. Equality holds iff there exists an eigenfunction of K, — Id
associated to the eigenvalue 0, which is contained in Span(1yz;& € X ). But, 0 is a simple eigenvalue
of Ky — Id associated to the function 1. Since X' # X, we get that Ape.(Ky|y 3 — Idy) < 0. Thus,
K| x % — Idy is invertible and by Proposition 1,

det(M) = det(Ky |y y — Idy) det(Sm (Kl g ¢ —1dy))- (31)

Concerning the Schur complement in (31), note that

Su(Eylyy—1dy) = Kylz x — Kyl 5(Kglp p —1dg) 'Ky ly 2
:Id/rg—‘rSKq,,Id(K | —1Id )
K, —Id is a symmetric negative operator in ¢?(X, u) such that A, (K —Id) = —q,i")\’; > —1. Using

Proposition 1, we deduce that

)\min(SKq/ —Id(Kq/

o —1dg)) > Apin(Ky —1d) > 1.

Hence det(Sy (Kq| ¢ 4 —Idy)) > 0. We have thus proven that det(M) # 0. O
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Once we have defined a basis (§2)zex 1= (07, Vi) ;e 5 sex Of l2(X, 1), We are able to define the analysis
operator

U: ly(X,p) — RY .
f = (oo f))aex = (D2, f) <w9“caf>)5ce2€,.%e/\?

The hope is that when f is “regular” (a notion still to be defined), the coefficients ((f, 1)) ¢ are “small”.
Actually, when f is a constant function, these coefficients are equal to zero. We stress the fact that these
coefficients are not normalized. f can be reconstructed from the coefficients U(f). Let (£,)zex be the dual
basis of (£;)zex in lo(X, 1), defined by (&, &y) = 0. Then we get the obvious reconstruction formula

F=Y (& hHé.

reX

The approximation of f is then de/\? (g, f) ég, while the detail of f is def (W, ) ég The reconstruction
of f from its coefficients U(f) can here be made explicit. This is the content of the following proposition.

4.2.2. The reconstruction formula

Proposition 10 (Reconstruction formula). For any f € €o(X, 1), let f € loy(X, 1) and f € Lo(X, 1) be defined

by
VieX, f(z) =Ky f(Z)=U(f)(2);
Vie X, f(#) = (Ky — 1) f(#) =U(f)().
Then,
Idy — L2  Low(—Lypx) ™\ /7 I
f-( - PR )(f)—RHRf,
(—ﬁ)?);) ﬁ)g)g qﬁ)é/,\u,—fd)? f
where
- ldy — 1L o Laou(—Lap)
- (( ﬁge;é)_qlﬁ;é;) L= (‘Miﬁi q'(—){g/m)_l) 32)

Proof. Note that (;) = [Kq/ — (8 I(;)v)] f. Since Ky = (Id — %C)*l, we get
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In the sequel, we will talk about R as the approximation operator, and about R as the detail operator. In
order to get stable numerical results in the analysis and the reconstruction of the signal f, it is important
to control the operator norm of these operators. This is easy for the analysis operator U since for any

fe EP(X7 N)a

1T lpx = [ Ky () = F15

px S (Dl 2+

|p7X .

K being a probability kernel, symmetric w.r.t. 1, we get by Jensen’s inequality,

1Ky 1D 2 = plw) | Ky f(2)] (33)
reX

<D @)Ky (1f17) (@) = (1, Ky (1) = (Kq (1, [F17) = £}« - (34)
TeEX

Hence for any f € £,(X, p),

UMy, < 21, - (35)

The aim of the two following sections is to provide bounds on the norm of the reconstruction operator.
4.3. Detail operator norm

We give in this section a control on the norm of the detail operator R, in terms of 8 and ~y defined in (9).
Using Markov property at time 71, one can express 1/ as
! Bz [Hf -
— = mMaX Lz S — T .
B zex v
In the sequel, when A is a subset of X, and f is a function on A, [|f||, 4 is the norm of f in £,(A, pa),
where p14 is the conditional probability p on A: for any B C A, pa(B) = u(B)/u(A).

Proposition 11 (Detail operator norm). Let X be any proper subset of X, X=ux \ X, and let R be the
operator defined in (10). For any p > 1, for any f € Ep(/f',u/\;),

o o p/p” N\ p] /P 5
R, < l(g) +<1+";) ] HX) P (36)

where p* is the conjugate exponent of p.
The proof is a consequence of Lemmas 12-13 given below.

Lemma 12. For any x € X, and & € X, we define

Then,
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The adjoint operator of
is the operator
The adjoint operator of
is the operator

with
(~Lyp) Lyp(#7) =Py [X(Hg)=7) ,2€ X, T€X.

Proof.

™ Hy
Gy(z,2) = Ey /1)((3):5 ds + / lx)=zds| ,
0 1

Hx

= 0,(2)E, (1) + Z P(z,2)E, / 1x(s)=z ds| by Markov property at time 7y,

zeX 0
Hy
Lo
= —da () + Z P(z,2)E, / 1x(s)=z ds
zeX 0

This can be rewritten as

Using the symmetry of £ with respect to u, for any g € éq*(/‘?, u) and any f € Ep(/‘?, i,

(~Lyx) " fg) e = D m@)(—Lpp) (&9 F@)g(F)

z,y€

&

Il
=
Ne
N—
T

D
&
>'C<
N—

L

“@(

K¢
~—
—
S
Q
—~

K
S—

|
~~
=

T

o
>€<
&

|
—
<
~—

&,yex

In the same way, for all g € £+ (X, ) and all f € £,(X, ),

967
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(Lox(~Lyx) L9y e= Y n@L@H(Lyzr) " 72 F(2)9(@)

(38) was already stated in the proof of Lemma 8 (see (26)). O
We are now able to give bounds on the norms of the operators involved in the definition of R and R.

Lemma 13. Let X be any proper subset of X, X = X \ X. 8 and ~ being defined by (9), we get

e (e @\
Ian)Cusfll e < (555 ) 1 )
a 1/p* - 1/p
[Lz2(~Le) 2 < (§> %) 10, - (40)
[(~Lax) fll, 0 < IIf\IpX : (41)
Prooft ) (—Lox)  Laxfll v =D n@|(~Lyx)  Lapf@]",
zex
= (@) | B [f(X(Hg))I” by (38),
reX
< Y u(#)E;x[|f(X(Hg))"] by Jensen’s inequality,
reX
= > @ (~Lyp)  Lrp)@ DI (@) by (38),
reX,gex
= Y i) (Lpx(—Lyx) )@ D) [fI” (§) by symmetry,
FeX,jex
=0 30 u@ P By | [ LX) ds| by (3
JEX 0
—a Y u@) @ By [HE -]
JEX
< amax By [H{ —n] u() |17 5

This gives (39). (40) follows from (39), since the operator L‘XX( Ly );) ! from £,(X, p) to £,(X, ) is the
adjoint operator of the operator (— Egg)g) 1L 45 from £ (X, 1) to £y (
ew) (2,9) = 0.

, it). Concerning (41), note that by
Lemma 12, for any &, € X, (L3

u(X)

(L) fII 4

= @) [(~Lex) F@]"

S

&

8¢
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=3 0@ | (L) E D@
reX yex
p/p
<3 @) | DL @D | | DL @0 @)
FeX jex jex

p/p~

IN

IA

JeX JeX FeX
by symmetry,

P

IN

max 3 (~ L) 5 0) | ) 117

p/p
(rgaazc > (—Lix) ' (&,9) ST u@ @D (—Lyx)  @,7)

i
S (L) ) = Ex | [ 1p(X(0)ds| = s [H}] = Exlta] . 0
yeXx 0

Proof of Proposition 11. For any f € ép(.)z, M)

N [ AT |

i M_H< 1y o (L) ) pX
= p(X) ||cm (L) Iy 2+ () [|(0dy +¢' (L)) 1]} 2
[( B+ (1+7) M)] 1517 5 by (10) and (11). ©

4.4. Approximation operator norm
This section aims to control the operator norm of R defined in (10).

Proposition 14 (Approzimation operator norm). Let X be any proper subset of X, X=X \ X, and let R be
the operator defined in (10). For any p > 1, for any f € £,(X, uz),

Py 1/p B
RS, 2 < [(H? ) +B} WEOYPIIfIL % s (42)

where & is defined by (28).
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Proof. For any f € £,(X, uz),

it A
Py (—Lxx) " Lxz/) |, 2
_ L p N . »
= u(X) H (Idpz - E) f L W) [[(~Lax) Loz fl, 2
; NP e
<u® (10 - £) o] @5 1170 vy (9.
q P, X B ’

It just remains to prove that for any f € fp()?, ),

1L, <2alfl,.5 -

By definition of &, the matrix P = Ids + L is a stochastic matrix, which is symmetric w.r.t. 1. Therefore,

a

it is a contraction operator from £,(X, puz) to £,(X, ju5). Hence,
HEpr,;g =aQ ||(Id22 - p)pr,A? <2a ||f||p,22 -4
4.5. Size of the detail

In this section, we provide control of the unnormalized detail coefficients f in terms of the regularity of
the signal f.

Proposition 15. For any p > 1 and any f € £,(X, p),

Y max,; K (x 2‘2’)1/7”
= (K, —I L < g2 .
7], = 100 = 2011, 20 < =22 1
Proof. Note that by definition of Ky, Ky —Id = %quc. Hence,
. 1 5 1 5
p(X) [(Ky =T fI] 5 = 77 > @) B [LA(X(Ty)]P < 7r > @) Es [ILF(X(Ty)")
zeX rex
1 y y
< 77 Z (@) Ky (&, x) [Lf ()],
TEX ,xEX
1 o, p
< 75 Z p(x) Ky (2, ) |Lf ()" by symmetry |
TeEX ,xEX
max, Ky x,é’z'
D) S ) es@l o

zeEX
4.6. Link between (X, L) and (X, L)
We give bounds on the error in the interwining relation.

Proposition 16. Let X' be any proper subset of X, X = X \ X. Recall the definition of 8 given in (9). For
any p > 1, and any f € £,(X, p),
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(07

_ 1/p* 1
[(L(Ky)ex — (Kg)eal) fll, 2 < 2¢ (6) i Ml (43)

Proof. Writing that £ is a Schur complement and using that Ky L =LKy, we get

-1
LK) zxw— (Kg)zxlL =Lyzx(Kg)zx +Lyy (—Lyy) Lyz(Ky)zx — (LKy)zx
+

#
—1

=LK gx+ Loz (Lxx) Lizr(Ke)zw

=Lox (~Lix) (Lon(Ky)pn + LipEe)zx)

=Lz (L) (LK) py - (44)

It has already been proven in Lemma 13 (see (40)), that for any f € Zp(é’? ),

P* o 1/
£ (—ﬁmlfHMé(%)l/ (%) 1l

To get (43), it just remains to prove that for any f € £,(X, u),

2q¢
, L -1
LKy fll, % < ) IIf

lpx - (45)
But this is a direct consequence of the equality LK, = ¢/(K, —Id), and of the inequality (34). O
5. The multiresolution scheme

We assume in this section that we have at our disposal a decreasing sequence of proper subsets of X

H=X2X 22X 20,
and a sequence of non negative real parameters {q};7 = 0,---k — 1}. We will discuss later the choice of such
sequences. To stick to the previous notations, we define for ¢ > 0,

. /‘Z’i = Xit1;

o X=X\ Xigy;

e Lo=L,and fori>0, Liy1 = S,,((£i) 5, 4,)- Li is a Markov generator on A; which is symmetric with
respect to p. o

o o = maxgex, (—L) (@i, 2:);

o 1/8; = maxz,ex,,, Ez, [Hgé)jl — Tl(i)], where HXH is the return time on the set A of a Markov pro-

cess X with generator £;, and Tl(i) is its first jump time (exponential time with parameter «);

N l/vizmax~i€;\?iEii [H(i) };

z Xit1
o for any x;,y; € Xiy, Ki(wi,y:) = ¢)(¢ldx, — L) (x4, y:) = Pu, [X(i)(qu) = yi], where T;, is an expo-
nential random variable with parameter ¢; independent of X (),

Given a signal f; defined on X;, we can define its approximation coefficients at scale 7 4 1:

Vaii1 € Xig1, fir1(zi1) = fi(zivr) = Ki(fi)(xis1) , where K; == (K) a1 % »

and its detail coefficients at scale i + 1:
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Vi, € Xy, gi1 () = fi(d@:) = Ki(fi) (%) — fi(&;) where K; = (K3) %, x, »

so that
fi = Rifix1+ Rigis1,

with

_ Idy,,, — 2L y Vv v (L) 4 )71
m:( Xoon ~ grLin ) anM:((ﬁ/)%+ (£xx) )
G((Li)gx) " —1dg

(L) x,2) " (L) s,
Iterating the procedure, we get the usual multiresolution scheme:

fo=f — fi = fo - = fi
¢ N\
g1 g2 Gk

5.1. Analysis operator norm

For k > 1, let us consider the analysis operator Uy:

G(X) = (X, ) X Ly (X g, ) X oo X Lp( Koy i)

U :
f = [fe 9k G—1, - 5 91]

The space £,(Xg, pa,) Q(??k,l,/i)?k_l) X e X €p()?0,u);0) is endowed with the norm

k 1/p
[ s rs ge—15 -+ s alll,, = (M(Xk) £kl e, + D (Xima) ||gz-lz,gi_l> :
i=1

Proposition 17 (Analysis operator norm). For any f € £y(X, p),

1U(F), < 27" (1 + K7 1], -

(46)

Remark. To maintain localization properties of our wavelet basis we do not use any orthogonalization

procedure. Then, working with a general graph, we do not expect a conditioning of the multilevel analysis

or reconstruction operator that is independent from the graph size. However for p = oo our analysis operator

norm is independent of the graph size, while, for p < oo it depends only on the number of levels, which is

typically only logarithmic in the graph size. Making a careful analysis of the following proof, we will see

that at least in the case p = 1 our estimation is optimal for the analysis operator we proposed. As far as

the multilevel reconstruction operator is concerned, its norm is strongly related with the choice of the ¢}

that we will discuss at the end of Section 6.

Proof. k
IUROIE = D7 wlwe) fal@e)”+> Y wlEi) lgi(@a)
TR EXY =1z, jeX;
= 3 wlan) | (Biore - Ko) () )|
T EXy

k
3 @) (it =g )Kiz e Ko)(f)(#i1)

i=lg, jeX; 4

p

)
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where
—_ k [ %
= 3w (Baor - Ko) () (@) + 3 Pl ) (s Ko Ko) () (1)
TR EX =1y, eX 4
S 1) (oo Ko) (1) (i),
= exX;_
Note that
Z () (Ke—y - Ko) (| fP) () + Z (1(Z 1) (Kp-1 K2+ Ko) (| fP) (1)
T EXy E—1E€X1
= E (1) (Kp 1 Kp—2 - Ko)(If ") (zr-1)
Tp_1€EXk_1
= Z p(wr—1)(Kg—z - Ko)(| fI") (zh-1)
Tp_1€EXK_1
by symmetry. Therefore, a; = ax_1 = a3 = ||f||§)( Concerning by, using symmetry, it holds

k
> (i) (Ko Ko)(If ) (i)

¥ 16X

= Y ulxo)lf(zo)l? Z >y > Ko(wo, 1) Kig(wig,mi2)Kia(wi2,%1)

zoEXo t=121€EX) ®i 26X 25, 1eX;_,

< kNIl -
This ends the proof of (46). O

We finally give an example for which one can check that in the case p = 1 our estimation (46) is optimal.
Consider the graph of size n = [ 4+ 1 with vertex set X = {0,1,...,l} and transition rates

g2l ify=go+1,
w(z,y) =4 ¢ ify=x—1,
0 otherwise,

together with the signal
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for ¢ < 1. Choosing ¢; = ¢/ = €72 for 0 < i < k, the random subsets Xy D X; D X5 O - - - sampled through
Wilson’s algorithm are typically given by

X, ={i,... 1}, 1 <k,
and the inequalities of the previous proof are turned into equalities when p = 1 and in the limit ¢ — 0.
5.2. Approximation error

Given the coefficients [fx, gk, gk—1, - - , g1], the reconstruction of f = fy is

f=1fo= Rofl + Rofh
= R0R1f2 + Roéng + Rogl

k=1
= RoRy - Rp_1fr + Z(Ro e Rj—l)éjgj+1 .
)

The approximation of f at scale k is thus RoR;--- Ri_1f, and we have the following Jackson’s type
inequality:

respectively) denote the norm
P

operator of R; : Lp(Xig1, pxyy,) = Lp(Xs, pix,) (R; : ép(‘)?iau/’\?i) — L (X, px,) respectively). We set

i (), o= (202)

Proposition 18 (Jackson’s inequality). For i € {0,--- ,k — 1} let |Ri|p (‘Rl

1/p
: N(XiJrl)) 7
Ri 5 and €ip ‘= — [,Z Kl - KZQ

g ( 1(X;) [£ira |

P
For anyp > 1 and any f € £,(X, p),

k—1
_ _ _ _ L1
|f = RoRi - R1 full, 1 4D Fop- Titafin g 165l
7=0 J

k—1 =
+ ZFOJJ e Ti1pTip Zel,p £l - (47)
§=0 % 1=

Note that it has been proven in Propositions 14, 11 and 16 that

) p q1/p \ p/p* I\ P 1/p \ 1/p*
Fip < KHWJI) +%} , Fip < [(%) + <1+%> ] , and e;, < 2¢] (;—) :

Moreover, we would like to stress the fact that the term involving ||pr y in (47) is linked to the error in

the intertwining relation, and would disappear if this relation was exact.

In case the intertwining relation error is small, we can interpret our inequality (47) as a Jackson type
inequality. Indeed in the setting of approximation theory, Jackson type inequalities relate the smoothness
of a function with the approximation properties of a multiscale basis. Let us give some more details on
these classical results in the setting of wavelet analysis. Assume ¢ is a real valued scaling function, in
the Schwartz class or compactly supported, i.e. a function such that one can find a wavelet ¥ such that
{6(. — k), k € Z} U{2/%)(27. — k),j € N,k € Z} is an orthonormal basis of L?(R), a so-called wavelet
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basis. The construction of such kind of basis has a deep relationship with the discrete scheme described
in the introduction 1.1 as it is explained in [12] (see also [6] for details). We can define for j > 0, V; :=
Span{¢; i = 27/2¢(27. — k),k € Z} and P;f the orthogonal projector on V;.

The remarkable properties of wavelet basis make it possible to analyze functions in other functional spaces
than L2(R). Suppose the function 1 of our basis has n vanishing moments with n € N* (by construction
1 has always at least one vanishing moment). Let 1 < p < oo and W™P denote the Sobolev space of
Lp-

We have indeed the following result in the classical setting (see [5] for a detailed proof).

functions f in L? whose derivative of order n belongs to L?. Let | f|wn.r = ||zz—f

Theorem 19 (Classical Jackson’s inequality). There exists a constant C' > 0 such that for all f € W™P and
J=0,

If = Pifllie < C27| flwns . (48)

As one can see, our Jackson’s inequality (47) relates also the smoothness of the signal f on the graph
(measured by [[Lf]|, y) provided that the error in the intertwining equation is small. The smallest is [[Lf||,, v
the closer to f should be the approximation part. As in the classical inequality (48), the constant in front
of the Laplacian term depends on the level of approximation and gets worse when this level gets coarser.

We can now prove Proposition 18.

Proof. o B k=1 -
Hf — RoR; -- 'Rk—lkap,Xo < H(RO e Rj_l)Rjgj+1Hp X s
j=0 ’
k—1j—1 B
< |Rifp’Rj’ Igi+1ll, %, -
j=01i=0 P
k—1j—1 e ypor
_ s X; 1L fill, 2
< |Rip‘Rj G5 2,
=0 i=0 p U’(Xj) qj
by Proposition 15. Since u(Xy) = 1, this leads to
k—1 N\1/p
- = = ()
||f — RoR; - "Rk—lkap,xo < o "T'j—lrj+ ||£jfj||p7Xj .
=0 J
Now,
Lifi=LiK;1fi
= »Cj}?jfl ce f_(ofo
Jj—1
=K;_1---KoLofo+ ZKJ'—1 v K (L K — KiLy) Ki—q - Ko fo -
1=0

For any [ € {0,---,j — 1}, K; is an operator from £,(X}, px,) to €p(Xig1,px,,,), and (34) states that

_ . 1/p
HKal < (ul(?(fﬁi)) . Hence,

p(Xo)\ o e\ pu(Xo)\
13550, < (50 |£0f0||p,xo+§(u(g;) cunafe = Kacl, (A5 ) ol
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py 1/p =
- () [ucofonp,% +2_ellfoll,x

=0

This gives (47). O
6. About the choice of the parameters q, q’

The aim of this section is to give a guideline in the choice of the various parameters involved in the
multiresolution scheme. The requirements we would like to achieve are the following ones:

(1) At each step of the downsampling, we would like to keep a fixed proportion of points in the current set.
This would ensure that the number of steps k in the multiresolution scheme is of order log(|X|). In view
of Proposition 6, this could be achieved by taking for all j > 0, ¢; € [01¢, 62c;] for some 6, 6. With
this choice and the choice X1 = p(®)) (where ®U) is the random s.o.f. on X; associated to £;), one
has for instance,

: i ra;
Vi>0, |X <E, [|Xa] &) < 1] = [R, | (1- —L% ),
520, 1] 2 <y [l 1] < 11— Rl (1- )

where R, = {z € Xj;w;(z) > roj}.

(2) To ensure numerical stability of the reconstruction operator, we would like to control at each step the
norms of R; and R;. Concerning R; (see (42)), this requires aj+1/q; and a;/f; to be small. As for R;
(see (36)), one has moreover to ensure that ¢}/+; is small. Note that once X; has been fixed, a1, 3;
and ; only depend on the choice of X1, hence of g;. Since a;11/q; and ¢}/v; should be small, the

product %% = % should also be small, and one possible choice for ¢; is to minimize a,11/7;.
J J J

(3) In order to get a good approximation error, one would also like the error in the intertwining problem

between £; and £;11 to be small. Referring to (47), this is achieved if at each step q;-(ozj/ﬁj)l/p* is

small with respect to the natural unit «;.

To sum up, &; being chosen, one would like to choose (g;,q;) such that

aQ
[ty

t qj € [0hoy, O205];
: «j/p; is small;

Q
N

: aji1/q; is small;

Q
=

: g/, is small;

A~ A~ A~~~
Q Q
[ w
— — — — —

: q;aj/ﬂj is small (consider the case p = 400) with respect to «;.

In this respect, we need some estimates on a1, 7; and 3; in terms of g;. The next sections are devoted to
this task.

6.1. Estimate on &

Proposition 20. Assume that X = p(®) and let X = X \ X. Then, for any m € {1,--- ,|X| + 1},

X —m+1
:qi

——P, [|X]|=m—1] ; (49)

1
E, [dlmzm} > E, m Zﬁ)(ﬂ?)l\f\:m
TEX
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X
EQ[ Z q |.)E}—|—1 : (50)

:L’EX

Note that (49) is trivially true for m = |X| 4 1. It is also trivially true for m = 1, since in this case L is
a scalar, which is equal to 0 since £ is a Markov generator.
Assuming that @ = max, ¢ (7) is not too far from the mean of the (w(z),z € X)), Proposition 20 can

be used to get an idea of the dependence of & with respect to ¢ (or m). Indeed, the term can be

[X]+1
numerically estimated as a function of g, since there is a coupling allowing to sample the random forest for
all the values of ¢ at the same time. Getting an idea of & as a function of ¢ from the simulations, is more
time consuming since it requires the computation of a Schur complement for all values of ¢, and this cannot

been done inductively since p(®) is not an increasing set w.r.t. g.

Proof. (50) is a direct consequence of (49) after summing over m.

Z I | = 3By [Lep(@)1 gy

$€X TGX
Hence, the result is a consequence of the following identity: for any « € X, and any m € {1,--- ,n + 1},
E, {135621@(95)1‘);‘:74 = qP, H)ﬂ =m-—1;z ¢ .2?] . (51)

The rest of the proof is devoted to proving (51). Remind that
> Lixy)
yeX yFa

Yo L@y +Lys(—Lpr)  Lip(r,y)
yeX y#x

Yo owlay)+ Y wlwa)(—Lyp) (21 z2)w(z,y)

yeEX y#x yEX Yyt

21722¢2€‘

Remind also from Lemma 12 (see (37)) that for 21,2, € X, (—E/\?j)’l(zl, z9) = G 5(#1,22). This gives an
explicit expression of w(x) as a function of X'. Therefore,

By [Lex®@leon] = 3 BX=R]{ Y wy+ > w@2)Gala,2)wly

R3z,|R|=m yeER,y#x

YyERy#x
Zl,zziR
Now,
_ 1 m
P, [¥=R] = —— Z " w () = - Zr(0), (52)
(@), Z(q)
s.o.f.,p(¢)=R

where we set Zr(0) := 3, , t. ,(p)=r w(¢). In addition, it is proven in [2] (see Lemma 3.1, or Appendix B
of the preprint) that for any subset R of X, and any 21,20 ¢ R,
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Hy
' 1
=F 1 — =
GR(z1,22) = / X(s5)=2 dS Zr(0) Z w(9), (53)
0 6 5.0.1.p(¢)=RU{z2}

21~ 22

where 21 ~»4 22 means that z; is contained in the tree of ¢, whose root is zp. Hence,

Z(@)0 "By [Loex®(0) 1| = T1 + T2,

where

o T := ZR91;|R|:m Zr(0) ZyGR;y;éx w(z,y)
2 ,0(¢)5w > yep(o)yts W(O)W(@,Y)
lo(¢)|=m

= Z(¢,y)esl(m,m) w(p)w(z,y)
where we set Sy(m, z) := {(¢,y) such that p(¢) 5 z, |p(¢)] = m,y € p(¢),y # x}.
o Ty:= ZRBm;|R|:m Z (l‘, zl)w(¢)w(zz, y)

> w
yER;yF#x ¢ s.0.f.p(¢)=RU{z2}
21,22¢R 2172 ¢ R2

= Z(R,y,zl,z2,¢)652(m,z) 'I.U(fE7 Zl)U)(QS)’LU(ZQ7 y)
where we set

RSz"R|:mﬂy€R7y7éx7
Sa2(m, x) = ¢ (R, y, 21, 22, ¢) such that
2( ) {( Y, 21,22, 9) 21 ¢ R,zo ¢ R, p(¢) = RU {22}, 21 ~¢ 22

Let us compute 7). To any (¢,y) € Si(m, ), we associate the forest ¢1 = ¢ U {(x,y)}, so that w(¢,
w(@)w(x,y). ¢1 is the forest obtained from ¢ by hanging the tree with root x to the root y. Hence |p(¢1)

)
|
m — 1, and the distance d(z, p(¢1)) from x to the roots of ¢1, is equal to 1. Otherwise stated, S;(m, z) is

sent by this operation to

Fi(m,x) := {¢1 such that |p(¢1)] = m — 1,d(x, p(¢1)) =1} .

Note that this correspondence is one to one. Starting from ¢ € Fi(m,x), we recover y as the root of the
tree containing x, and ¢ is then obtained by cutting the edge (z,y). Thus,

T1 = Z w(¢1)

¢1EF1(m,x)

Let us now turn our attention to Tp. To any (R,y, 21, 22,$) € Sa(m,x), we associate the forest ¢o =
oU{(z,21), (22,9)}, so that w(¢pa) = w(x, z1)w(¢)w(ze,y). ¢2 is the forest obtained from ¢ by first hanging
the tree with root x to z1, so that x is now in the tree with root z3, and then 25 is attached to y. Hence
[p(@2)] = |p(¢)| —2 = m—1, and d(x, p(¢2)) > 2 (it could happen that z; = z3). Otherwise stated, Sz2(m, x)
is sent to

Fa(m,x) := {¢2 such that |p(p2)| =m — 1,d(x, p(¢2)) > 2} .

Note that this correspondence is one to one. Starting from ¢o € Fo(m,x), we recover y as the root of the
tree containing x; 21 is the point following = in the path going from z to y; 29 is the point preceding y in
the path going from x to y; R = p(¢2) U{x}, and ¢ is obtained from ¢o by cutting the edges (x, z1), (22,¥).
Thus,



L. Avena et al. / Appl. Comput. Harmon. Anal. 48 (2020) 949-992 979

T= Y w().

P2 EF2(m,x)
It is clear that Fj(m,x) and Fa(m, ) are disjoint sets and that
Fi(m,z) U Fy(m, x) = {¢ such that [p(¢)| =m — Lz & p(¢)} .

This leads to

_ q"
Eq [1xe)2w(17)1|;2|=m 0 > w(9)
#,p(¢)|=m—1
xEp(¢

= qPq [lp(®)| =m =1,z ¢ p()]

This ends the proof of (51) and of Proposition 20. O

6.2. Estimate on f3

Proposition 21. Assume that X = p(®) and let X = X \ X. Then, for any m € {1,--- ,|X|},
1 1 ) X —m_
Eq |:B]‘|X|—’m:| > E, K| Z Z P(z,2)E-(Hg)l|g|=m | = “am P [|&] =m]; (54)
TEX 26X
E [1} >E (55)
q 3| = q o |)E"
Proof. (55) is a direct consequence of (54) after summing over m.
1
Z > P@AE(H) giom | = — D By |Tuer D P, 2) Bo(He)l z)om
xeX z€X TEX zeX
Hence, the result is a consequence of the following identity: for any « € X, and any m € {1,--- ,|X|},
1 _ _
By [1oex Y P, 2) B (He)l g | = ~Py [|X] =m;a ¢ X] . (56)
2eX

The rest of the proof is devoted to state (56). For z € X and z € X, P(z,2) = w(z,z)/a, and summing
over z in (53) leads to:

Vzd R, E.(Hg) = w(9) (57)

ez ¢ 5.0.f.p(¢)=RU{y}
20y

Therefore, using (52),
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Eq [195@2 dex P2, 2) E-(Hp)1 %=

- _q"
— aZ(q) ZR9m7|R|:m, Zz&R;yéR Z b s.0.f.p(¢$)=RU{y} w(m, Z)U}(d))

oY

m

= an(q) Z(R,y@,d))ESg(m,m) U}(.’L‘, Z)W(¢) )

where
Sz(m, x) := {(R,y,2,¢) such that R> z,[R| =m,y ¢ R,z ¢ R;p(¢) = RU{y},z~¢ y} .

To any (R,y, z,¢) € S3(m, ), we associate the forest ¢3 = ¢ U {(x, 2)}, so that w(dsz) = w(z, 2)w(p). ¢3 is
the forest obtained from ¢ by hanging the tree with root x to z, so that = is now in the tree with root y.
Hence |p(¢3)| = |p(¢)| — 1 = m, and d(z, p(¢3)) > 1 (it could happen that z = y). S3(m,x) is thus sent
to Fz(m,x) := {¢ such that |p(¢)] = m,z ¢ p(¢)}. Note that this correspondence is one to one. Starting
from ¢3 € F5(m, x), we recover y as the root of the tree containing x in ¢3; z is the point following x in the
path going from x to y in ¢3; ¢ is obtained from ¢3 by cutting the edge (x, z) so that = is a root of ¢, and

R =p(¢) \ {y}. Thus,

By [Lecx 3o P@ A aion | = o5 3 wlé) = Py [(®)] = mia ¢ p(@)]
zeX $EF3(m,x)

This ends the proof of (56) and of Proposition 21. O
6.3. Estimate on vy

Proposition 22. Assume that X = p(®) and let X = X \ X. Then, for any m € {0,--- ,|X|},

1 1 X1 -
E, |:,y]'22—m:| > By |17 Z Ex(Hg)l|g|=m | = m;ﬁbq [|X]=m+1]; (58)
ped
1 1 X
Bl 2] 2 26, | | (59)
v a ‘X‘ +1

Note that (58) is trivially true for m = 0, since in this case 1/v = +o0. It is also true for m = |X| with
the convention 0/0 = 0 in the right hand side, since in this case 1/y = 0.

Proof. Here again, (59) is a direct consequence of (58) after summing over m.

- ‘X‘l—m erX Eq []'IQ.)?Em(H;?)].P?‘:m}

\X\+m erx ZR;x¢R,\R|=m Pq(j = R)E.(HRg)

= (R Z(0) 2oweX 2uRiwd Ry Rl=m 2ayg R 2 (¢)

w
¢ s.o.f.p(p)=RU{y}
T oY

= R Z@ 2oveX 226 s.0.f.lp(@)=m+1 W(®)
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_ 1 _
= R 2oweX 2o s.0.f.lp(6)=m+1 La(® = 9)

= LB (p(®) = m + 1)

This ends the proof of (58) and of Proposition 22. O
6.4. Discussion on the choice of X, q, ¢’

As was said in the beginning of the section, at each step of the multiresolution scheme, one would want
to choose (g,q') so as to fulfill the constraints (C1-5). If (C3) and (C4) are satisfied, then the quantity
a/v = (a/q')(q'/v) has to be small. In the same way, if (C3) and (C5) are satisfied, then &/8 is small. One
has therefore to choose X at each step in such a way that &/ and/or &/ are small. A possible choice for ¢
is then to minimize the functions g — E4(&/7), or ¢ — E,(&/8) in some interval [61a; 62¢] (in accordance
to (C1)). These functions could be estimated using a Monte Carlo method. However, this can be quite costly,
since for instance, the computation of @ needs the computation of a Schur complement. If one can afford
such a computation one time, doing it several times to get a Monte Carlo estimation is time consuming.
Instead, in the simulations presented in section 8, we used the estimates (50) and (55). Denote

X 1 1 ¥ 1 1 ]
. =—| ; == —Ey | =| i =7 = -E; > .
I R | F ORI PR

a(q) = qE

These functions are quite easy to estimate by a Monte Carlo method. Indeed, a coalescence-fragmentation
process has been proposed in [2], allowing to couple the random forests sampled according to m, for various
values of ¢. In this process, t = 1/q is seen as a time variable. Starting from ¢, the process begins to sample
a random forest whose law is 7/, and this forest evolves in a Markovian way with fragmentations or
coalescences of trees. The marginal of this forest process (®(t),t > o) is at each time ¢, equal to 7y /. We
refer the reader to [2] for further details on the construction. Using this coalescence-fragmentation process,
it is easy to sample the random function g — |[p(®(1/q))|, and to estimate the functions &(q), 5(q), 7(q)
by empirical means over a sample. One can then choose ¢ as a minimizer of ¢ € [01a;02a] — a(q)/ B(q)
or q € [01a;602a] — a(q)/4(q). It can however be proven that &(q)/%(q) is a decreasing function of ¢; and
the reconstruction formulas show that numerical stability depends, just like our Jackson’s inequality, on
the product of the HRJH (rather than ||I-!L’j 1), which is associated with 1/B (rather than 1/7). Therefore we
decided in the simulations of section 8, to minimize the function ¢ € [0y «; 62¢] — &(q)/5(q), with ; = 1/8
and 6o = 1.

Turning back to the choice of ¢/, we could choose it so that the two terms of the product (a/¢’)(¢'/8) =
a/f are of the same order. This leads to ¢ = 67\/aB. With this choice, one gets, using (42), (50)
and (55)

_ 2 |a 2
R <1+ —y/-~1+—
IRl <14 gy G =14 5
if we choose 8] = 24/05. This value of 0] ensures that the multiplicative term appearing in Jackson’s

inequality (47) for p = 400 behaves nicely:
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Another possible choice (made in the simulations results of section 8) is to ensure (60) by setting

i1 | A , | Xt 1]

1+2
4  |Xl

7. A summary of the procedure, and computational issues
7.1. Summary

Fix two real numbers 61,62 (61 = 1/8 and 63 = 1 in our simulations). Starting from (X, L, «, 1), one
iteration of our multiresolution scheme goes through the following steps:

(1) Choice of g. Make N iid. draws (N = 1 in our simulations) of the coalescence-fragmentation forest
process ((I)Ez);t € [1/(020);1/(b1x)],i =1,--- ,N). From this, estimate the functions

N X - ‘;;@5)

- /a

a(q)'—vq—g — T o
NS 1+ o))

and

(2)
|X‘ ‘P q)l/q ‘

1 1 &
_N_g

Ez

(i
ool

Choose gop: as the minimizer in [f1a; 02a] of the estimation of O‘EZ;

(2) Once gop is chosen, draw one forest ® from 7, ,. Take X = p(®), X=X\X, = p(]X).
_ -1 _
(3) Compute L=Lyp v — L5 % (EXX) Ly 5, and @ = max;¢ y(—L(, 7).
(4) Choose ¢’ = 2a |X
mation. The sca

K, = ¢ (q'ld — £)~!. This can be done by a polynomial approxi-
ing functions are then

x — ¢z(x)

while the wavelets are

v sy — B TG 2)

Compute also the reconstruction operators R and R.
(5) Go on with (X, L, i, @) in place of (X, L, i, ).

7.2. Numerical issues
The three main computational issues at each step of the algorithm are:

(1) the N sampling of the coalescence-fragmentation forest process (@gi)) ~- As proved

te[92a7€1a]71 1
1
n corresponding to a number of random

n [14], the mean time to sample ®, is equal to ) ., q+/\ ,
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n—1 o a|X|
=0 g+X; =
realizations of the forest process is of order N |X|/ 01

jumps for the Markov chain of order > . Hence, the number of operations to sample N

(2) the computation of the Schur complement. This requires to compute the inverse (—L ¥, +)~*. Note that

“+o0
(—Lyx) = é(ldf — Py )= éZ(P“,)E)k- (61)
k=0

Since (P/{,j)k(fc, ) is the probability for the discrete time Markov Chain to go from ¥ to ¢ in k steps
without entering X, and since X is “well spread”, this probability is fast decaying in k, so that a good
approximation of (=L, +)~! is obtained by truncating the series in (61) to the first terms.

The computation of (—EX’)?)_l is then fast if the matrix _CP?,?? is sparse. This may be satisfied by £
at the beginning of the algorithm, but even if £ is sparse, this is usually no more the case for £ (see
Fig. 2). Therefore, after the computation of £, the authors of [11,20] perform a sparsification method. In
our frame, it Would be convenient that the sparsification step does not alter too much the error bound
we get on [|(K, Je.x L — L(K, JF,XH' Denote by L the sparsified version of £, and let us consider the

interwining error:

H (Kq’)/?,xﬁ - ES(Kq’)/\?,X HOO,OO

< ||(Kg) 2L = LIE) 2 x|l o oo + (£ = LI E) 2 x| oo

< H(KQI)X,X‘C - Z(KQI)X,XHOO ) + HE_ - L_SHoo %)

< H o)zl — L(K, X,XH +maxz ‘/J z,79) Es(j7ﬂ)’ .
ueX

Therefore, the sparsification should for instance satisfy

maxz |L' | < || xxL— L(K, X,XHOO,OO :

reX
yeX

By building £, with this constraint only, and replacing £ by L, we can however locally deteriorate a
good intertwining approximation, i.e., increase a lot a small error

Z| (Ky£)(7,2) = (L(Ky) 2.20) (T, )]

zeX

by allowing this error to grow up to the order of € = max 3 €(z). Since, at least from a probabilistic
point of view (see [1] and its appendix), the collection of these local errors €(z) is more meaningful than
the global error € we follow a more local and restrictive approach.

For 6 > 1 (# = 4 in our simulation, except in Fig. 3 where we show the effect of different choices of 6 in
our sparsification scheme), we set to 0 a maximal number of coefficients on each row z of £ until the
off-diagonal suppressed weight remains below a targeted error level e(Z)a/20« (the coefficients of £ and
L are naturally on scale a and & respectively). But this has to be done in a symmetric way to ensure the
symmetry of L. In addition one has to make £, a Markov generator. To satisfy all these constraints,
we proceed in the following way. We first sort in non-decreasing order the off-diagonal pairs (z,y) (with
T # %) according to the quantity max(w(Z,y), w(y,z)). We then set 6z = 0 for all Z € X and screen the
ordered off-diagonal pairs. Each time (Z, §) is such that 0z + w(Z,y) < €(z) and 5 + w(y, T) < €(y), we
set to 0 both w(Z,y) and w(y,z). We also increase dz by w(Z,y), and 5 by w(y, z). We finally adjust
the diagonal coefficients £(z, ) by subtracting them the associated removed weight &z. This ensures
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50 Original signal; number of vertices=2642 1 Original signal; number of vertices=500

-
40 LA RLA . ) Za'8 ;"""‘4?. ',0'.,"{"-"
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30
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“o 200 400 600 800 1000 1200

Fig. 1. Original signals: (a) Signal on the line presented in [12]. (b) Signal on the Minnesota roads network: sign of the first Fourier
mode e;. (c) Signal from [20] on the sensor graph from the GSPBox. (For interpretation of the colors in the figure(s), the reader
is referred to the web version of this article.)

mex D [0@9) ~ £, < g 1Kl = LK) w0
ye

< H(Kq’))g,X‘C - Z(K‘I’)/?,XHoopo ’

In doing so, we can lose the irreducibility property, i.e., we can get a disconnected reduced graph
associated with (PE , E_S). This actually does not raise any particular difficulty. The only use we made of
irreducibility was to define without ambiguity our reference measure . When irreducibility is lost, we
simply proceed by using the natural restriction of y as reference measure.

(3) the computation of K. As in [20], this can be done by Chebyshev polynomial approximation. Apart
from computational gain, using polynomial approximation has the advantage to produce filters K, with
a good space localization as soon as L is nearly diagonal.

8. Numerical results

This section is devoted to numerical illustrations of our multiresolution scheme, referred to as “the
intertwining wavelets multiresolution”. We show the results of some downsampling steps on Minnesota
roads network (cf. Figs. 2 and 3) containing 2642 vertices, and use the multiresolution schemes to analyze
and compress the three benchmark signals of Fig. 1.

8.1. Downsampling of the Minnesota roads network

Fig. 2 shows the result of two levels of forest’s roots sampling, combined with the weighting procedure
through Schur’s complement computation without sparsification. It illustrates the loss of sparsity of the
weighting procedure. In Fig. 3, we used the sparsification method proposed in section 7.2 with three values
of the parameter . On these graphs, the width of one edge is proportional to its weight.

8.2. Analysis

8.2.1. The line

We analyze the signal of Fig. 1(a) using our multiresolution scheme. The results after one step are
presented in Fig. 4, where we can see that the big detail coefficients are located at the discontinuities of
the original signal. We also compare our scheme with a classical wavelet scheme involving Daubechies12
wavelets. The results are given in Fig. 5. After two steps, we end up with 370 approximation coefficients (f2),
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original 1845 roots 1280 roots

rAm——
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(a)

Fig. 2. One sequence of Minnesota’s subgraphs, without sparsification. (a) Original graph. (b) First level of downsampling. (¢) Second
level of downsampling.

instead of 256 for the classical wavelets. In both cases, the number of non vanishing detail coefficients is
small.

8.2.2. Minnesota graph
The analysis of the signal of Fig. 1(b) after two steps of the interwining wavelets multiresolution is
presented in Fig. 6. Here again, the big detail coefficients are located at discontinuities of the signal.

8.2.3. Sensor graph

The analysis of the signal of Fig. 1(c) after two steps of the interwining wavelets multiresolution is
presented in Fig. 7.

8.3. Compression

Now, we use the intertwining wavelets to compress the signals of Fig. 1. Since the intertwining wavelets
are unnormalized, we normalize detail coefficients in the compression problem. More precisely, given a
signal f, the unnormalized coefficients after one multiresolution step are f and f, from which we can
reconstruct f by

F=Rf+Rf =) [@&+ > [(#)é&,
zEX zeX

where the dual basis (557 f}) zeX.sex corresponds to the columns of matrices R and R. Unlike the classical
wavelets, the basis (§;,x € X) and its dual basis (£, € X) are not orthonormal ones. Therefore to compress

our signal, we truncate the “normalized coefficients” f (2) ] & | In a similar way, after k multiresolution steps,
the unnormalized coefficients are [fx, gk, 9k—1,- - , g1], from which we can reconstruct f by:
f=Ro- Re-1fk +ZRO"'Rj—1Rj9j (62)

=0

k—1
= > fela)EP >0 > gj(fj—l)fgj’_jl) (63)

Tk EXg j=0 ij—leﬁ?‘j—l
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1849 roots 1337 roots 1018 roots

(a) (b) (c)

Fig. 3. One sequence of Minnesota’s subgraphs, using sparsification. On the first line, 6 = 2, while § = 4 and § = 8 on the second
and third ones. (a) First level of downsampling. (b) Second level of downsampling. (c) Third level of downsampling.

where (;(;IZ’k), xy, € Xy) are the columns of the matrix Ry - - - Ry_ 1, while (Eg:i), ZTj_1 € )?j_l) are the columns

of the matrix Ry - - - Rj_lfu%j (j=0,---k—1). Given a threshold € > 0, the compressed version of f is
k—1 -
- £(k,k) (s g(k.g
fo= D BV 3 D 05l Ly e oS
T EXg 7=0 jj—lexj—l

Another way to compress f is to keep a fixed percentage of the highest (in absolute value) normalized detail
coefficients. This is the way we have done our compression experiments.
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50 original signal, step 1, roots number=608 on 1024 points
T T T T T

0 200 400 600 800 1000 1200

approximation step 1
T

30 ! L L L !
0 200 400 600 800 1000 1200

details coefficients step 1

Fig. 4. One step of the analysis. The red crosses are the locations of the 608 chosen points in X, while the blue circles correspond
to the points of X. The first figure is the original signal; the second one gives the approximations coefficients (f1), and the third
one the detail coefficients (g1).

50— Intertwinning multiresolution coefficients, 2 steps
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100 - classical wavelets coefficients, 2 steps
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Fig. 5. Results of two steps of the multiresolution for the intertwining wavelets (first graph) and Daubechies 12 wavelets. The three
parts of a graph give (g1, g2, f2)-

8.3.1. The line
We compared the compression results of our method with those obtained using classical Daubechies12
wavelets. We let our algorithm evolve until we get an approximation of size less than 16. In the experiment,
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(a) Original signal: sign of ej. (c) Detail at scale 1. Size of g;: 800.

Original signal; number of vertices=2642 1 detail finest scale; coefficients number=789

(b) Approximation. Size of fo: 1268. (d) Detail at scale 2. Size of go: 574.

approximation; coefficients number=1294 q=(4.9773,4.0882) gprime = (23.4854,18.9273) detail coarsest sale: Cosfficients number=559
’ 15

Fig. 6. Two steps of the intertwining wavelets multiresolution upsampled to the original graph: (a) fo; (b) RoRifa; (c) Rogi;
(d) RORIQZ

(a) Original signal. (c) Detail at scale 1. Size of ¢g1: 188 .
Original signal; number of vertices=500
; 5 15 15
1 1
05 05
0 0
-0.5 -0.5
A 4
(b) Approximation. Size of fa: 206. (d) Detail at scale 2. Size of go: 106.
approximation; roots number=206 q=(2.5127,2.6077) qprime=(10.4051,10.9868) detail coarest scale; coefficients number=106
1
05
0
05
-
15
-2

Fig. 7. Two steps of the intertwining wavelets multiresolution upsampled to the original graph: (a) fo; (b) RoRif2; (¢) Rogi;
(d) Roélgz

this was achieved after 20 steps, and led to 15 approximation coefficients. For classical wavelets, we get 16
approximation coefficients after 6 steps. For both methods, a given proportion p of the details coefficients
are kept to compute the compressed signals f.. Fig. 8 presents the relative errors || f — fecll5 /|| f]l5 in terms
of p, and shows the good behavior of the intertwining wavelets. The compressed signal computed with 10%
of normalized detail coefficients is shown in Fig. 9.
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Fig. 8. Relative compression error of signal in Fig. 1(a) in terms of the percentage of kept normalized detail coefficients. In red, the
error using intertwining wavelets. In blue, error using Daubechies12 wavelets.
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Fig. 9. Original signal (blue line) and compressed one (red line) keeping 10% of normalized detail coefficients.

8.3.2. The Minnesota graph

Fig. 10 gives the compressed signal computed with 10% of kept coefficients after 3 multiresolution steps.

In addition we compare the intertwining wavelets compression results with those obtained through the

spectral graph wavelets pyramidal algorithm of [11,20]. For this purpose, we used the GSPBox' [18]. The

main features of this pyramidal algorithm are the following ones:

1 Available at https://lts2.epfl.ch/gsp/.
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conpressed signal, total nusber of kept coefficients=264 1
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Fig. 10. Compression with 10% of kept coefficients. The first graph is the compressed signal, the second one is the error with the
original one.

(1) Subsampling: X is chosen according to the sign of the highest frequency Fourier mode e,, ;.

(2) Weighting: L is computed by the Schur complement followed by a sparsification step.

(3) Approximation coefficients: f(z) = g(t£)(Z), where g is a low-pass filter, and ¢ is a positive real number.
As in [20], we took g(z) = 1/(1 + x) and ¢ = 2 to analyze the signal of Fig. 1(b). With this choice,
7(7) = Kupof (3).

(4) The signal f on X is then interpolated on the whole of X: € > 0 being fixed, the interpolation is defined
as

fint(w) = (L) 5L f(2),

where £¢ = eld — £, and L€ is the Schur complement of L} 3 in L¢. Using Proposition 1, one can see

at once that fi|3 = f.
(5) The error prediction y = f — fin: is stored.

At the end of one step, the signal f € RY is encoded by (f,y) € RY*X , resulting in a redundant information.
Fig. 11 presents the relative compression error in terms of the number of kept coefficients for the two
methods. More precisely, we ran the spectral graph wavelets pyramidal algorithm for 7 steps, resulting in
20 approximations coefficients among approximately 2 x 2642 stored ones. We also ran our intertwining
wavelets multiresolution until getting approximately the same number of approximation coefficients to get
a fair comparison. This took 16 steps, resulting in 16 approximation coefficients. We kept then the same
number of the biggest coefficients to construct the compressed version of the signal.
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Fig. 11. Relative compression error of signal in Fig. 1(b), in terms of the number of kept coefficients. In red, the error using
intertwining wavelets. In blue, error using the spectral graph wavelets pyramidal algorithm.
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Fig. 12. Relative compression error of signal in Fig. 1(c), in terms of the number of kept coefficients. In red, the error using
intertwining wavelets. In blue, error using the spectral graph wavelets pyramidal algorithm. In the first graph, we do not sparsify
the graph, while we perform sparsification on the second.

8.3.3. Sensor graph

For the signal on the sensor graph we compare once again in the same way our method with the Pyramid
algorithm on 3 steps. In this case we also included the results of our procedure without sparsification,
since they surprisingly show that the sparsification improve the results. In Fig. 12, we compare the relative
compression errors in terms of the number of kept coefficients for the Pyramid algorithm and our method
with and without sparsification.
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	6.2 Estimate on β
	6.3 Estimate on γ
	6.4 Discussion on the choice of X̄, q, q'

	7 A summary of the procedure, and computational issues
	7.1 Summary
	7.2 Numerical issues

	8 Numerical results
	8.1 Downsampling of the Minnesota roads network
	8.2 Analysis
	8.2.1 The line
	8.2.2 Minnesota graph
	8.2.3 Sensor graph

	8.3 Compression
	8.3.1 The line
	8.3.2 The Minnesota graph
	8.3.3 Sensor graph


	Acknowledgments
	References


